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ABSTRACT 
An analytical method is developed to estimate notch root strains in a notched bar of 
elastic-plastic, isotropic material subjected to proportional and nonproportional multiaxial 
nominal loading. The method uses anisotropic plasticity theory to define a structural yield 
surface in nominal stress space that incorporates both the isotropic material properties and the 
anisotropic geometry factors of the notch. Notch root plastic strain increments and anisotropic 
work-hardening effects are then related to this yield suiface using standard methods of plasticity. 
Comparisons of the proposed method with previously published strain estimates using the finite 
element method for a notched shaft under proportional nominal bending and torsion, and with 
strain gage measurements of a circumferentially notched solid steel shaft subjected to a series of 
box-shaped nonproportional loading paths in tension-torsion nominal stress space are 
presented. The strain calculations agree well both qualitatively and quantitatively using an 
appropriate nominal load-notch plastic strain relationship, and are suitable for strain-life 
fatigue calculations. 
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INTRODUCTION 
An important aspect of component design is the determination of stresses and strains at critical 
locations of a component, such as around notches and other stress concentrators. One important 
use for these stresses and strains is in the fatigue life analysis of the components. In some 
instances, strains can be directly measured at the notch of an existing component. Stress can 
then be estimated by a suitable plasticity model whose complexity is determined by the loading 
path and assumptions of the work-hardening characteristics of the material. If the fatigue life at 
these locations is assumed to be strain controlled, the strain-life theory of fatigue can be used to 
estimate the fatigue life. In other instances, however, an estimate of the structure's fatigue life 
must be made before the structure is produced, or it must be based on a strain measurement from 
more accessible locations on the component. In these cases it is necessary to estimate both the 
stress and strain behavior at the notch from loads or strains away from the notch. 
Some methods of estimating notch root behavior already exist. For a notch under uniaxial load, 
the theories of Neuber (1961), Glinka (1985), and others may be applied. For notched 
components undergoing nominally applied proportional loading, a more recent method of 
Hoffmann and Seeger (1985) may be used to estimate the stress and strain state. Also, for simple 
loading paths, an elastic-plastic finite element analysis of the notch may be used to obtain the 
stress and strain states. 
For nonproportional loading, which occurs in notched members subjected to two planes of 
bending, or tension and torsion at different frequencies, the development of a constitutive model 
that relates the applied loading to the notch stresses and strains is an essential first step in the 
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fatigue life estimation of notched members. As in the case when strains can be directly 
measured and stresses are estimated, the fatigue life can be estimated once the notch root stress 
and strain components have been estimated. 
One such constitutive model has been developed by Hoffmann et al. (1991), and involves 
separating the components of load and computing the resulting notch stress-strain state and then 
modifying these values to take into account the interaction between strain components by 
considering a compatibility relation. The method presented in this paper differs from this 
approach in that the interaction between notch strain components is taken into account from the 
beginning, and is related directly to the nominal loading. 
Because the applied nominal loading will generally be nonproportional, an analytical model will 
be developed within the framework of incremental plasticity. An important concept of 
incremental plasticity is the existence of a yield surface, determined by an assumed yield 
criterion, that can be used to characterize the direction of plastic strain increment and 
work-hardening behavior of the material. This concept has been applied to smooth bars of 
isotropic metals subjected to multi.axial loading to estimate the stress state, and will be applied 
here to notched bars of isotropic metals to estimate the notch root strain state. 
The central idea in the current method is to relate the nominal loading directly to the notch root 
strains, such that an equivalent structural nominal stress-local strain relation can be developed. 
This enables one to establish a yield surface of notched structures that incorporates the 
characteristics of the isotropic material and the influence of the notch geometry. Because of the 
inherent directionality of the notch, this yield surface would generally follow an anisotropic yield 
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criterion. Therefore, by treating a structural property as an equivalent material property, and 
using the established theory of anisotropic plasticity, this model can be used to estimate notch 
behavior without dealing with detailed stress analysis at the notch root. 
DEVELOPMENT OF EQUATIONS FOR A NOTCHED ROUND BAR 
I 
i 
As in the case of a smoopi bar, the notched round bar must exhibit elastic-plastic behavior. The 
elastic strains at the nof root can be related to nominal loads by the elastic stress concenttation 
factors, whereas the plas~ic strain increments can be determined from the yield criterion and flow 
I -
rule. Total strains at the potch root can then be obtained by the addition of the elastic strains and 
accumulated plastic strt, in terms of the nominal stresses. 
I 
Equations for Elastic Strains 
For a notched round bar subjected to nominal tensile stress, Sz, and a maximum torsional stress, 
Sxz (Figure 1), the elastic strains at traction-free notch root surface element can be determined 
from generalized Hooke's law, the elastic stress concentration factors in tension (Kz), torsion 
(Kxz), and a transverse stress concentration factor for tensile loading (K/). These strains are 
(1) 
where E, G, and v are the elastic modulus in tension, the elastic modulus in shear, and Poisson's 
ratio, respectively. 
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Equations for Plastic Strain Increments 
Because of the directionality of the notch, the notch root plastic strain response to the nominal 
stresses will not be isotropic. Thus an isotropic yield criterion will no longer be satisfied by the 
nominal stresses. An anisotropic yield criterion will be used to describe the yield surface of the 
notch structure. For this discussion, the yield surface in nominal stress space will be assumed to 
follow Hill's yield criterion for anisotropic materials (Hill, 1948), as 
2f(Sif) = F(Sy-Sz)2+G(Sz -Sx)2 +H(Sx-Sy)2 
+2LS!+2MS!+2NS! = 1, 
where the coefficients F, G, H, L, Mand N are determined from the current values of the 
directional yield strengths X, Y, Z, R, S, and T associated with the directions of the stress 
components Sx, Sy, Sz, Syz, Sxz, and Sxy. These relations are: 
1 1 1 1 
2F=-+--- 2L=-y2 2 2 x2 R2 
1 1 1 1 
2G=-+--- 2M=-
2 2 x2 y2 s2 
1 1 1 1 
2H=-+--- 2N = 2 . x2 y2 2 2 T 
(2) 
(3) 
The values of X, Y, Z, R, S, and Tare all determined from the initial values of the directional 
yield strengths, X0 , Y0 , Z0 , R0 , S0 , and T0 , and a hardening parameter. The initial values of the 
structural yield strengths for a notched bar of isotropic material can then be determined from the 
yield strength of the isotropic material and the appropriate stress concentration factors of the 
CJ 
notch. For example, the structural yield strength X0 may be determined from X0 = K0 , where a0 is 
" 
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the yield strength of the isotropic material, and Kx is a measure of the stress concentration factor 
of the notch for a load in the x-direction. A suitable hardening parameter and the determination 
of the structural yield strengths of the notched round bar will be discussed subsequently. 
Hill's yield criterion for anisotropic materials is an extension of the von Mises yield criterion for 
isotropic materials, and there are some restrictions to its use. During the development of the 
criterion, it was assumed that the material possesses three mutually orthogonal planes of 
symmetry at every point, and the yield criterion is in the present form only when the Cartesian 
coordinates are along the intersection of these planes, known as the principal directions of 
anisotropy. The assumption of the existence of the planes of symmetry means that elastic 
coupling between the shear and normal terms is not allowed in these directions, which is true in 
the root of notched bars. 
Following Hill's derivation of Levy-Mises type equations for a rigid plastic material (Hill, 1989), 
the yield criterion can be thought of as a plastic potential and the normality flow rule, 
can be used in the principal directions of anisotropy to develop equations analogous to the 
Prandtl-Reuss equations of plasticity for isotropic materials. These equations specialized for a 
traction free surface of a notched bar subjected to nominal tension and torsion become 
de~ =dA.[- GSz] 




Determination of a Hardening Parameter 
Following Hill's development (Hill, 1989), the factor d').., can be obtained if an assumption about 
the work-hardening behavior is made. Hill's assumption was that if there exists a pronounced 
preferred orientation in the material, then this orientation will remain in the same directions and 
in the same relative magnitude. Such an assumption should hold true for a notched bar as long 
as the geometry of the notch is not grossly distorted. If this assumption holds true, 
• Fo Go • 
X =hX0 ,Y =hY0 , ••• , and from equation (3), F = 2 ,G =2 , ... ,where the subscnpt zero denotes 
h h 
the initial value and ''h is a parameter increasing monotonically from unity and expressing the 
amount of hardening". These equations state that as hardening proceeds, the value of h 
increases, the yield strengths increase from their initial value, and the coefficients decrease from 
their initial value, thereby maintaining the equality in equation (2). This is essentially the 
isotropic hardening rule used for isotropic materials. Another hardening rule will be examined 
when this method is applied to cyclic loading. 
Hill (1989) then assumed an equivalent stress, and derived an expression for an equivalent strain, 
and proved a relationship between the equivalent quantities. These expressions are summarized 
below. 
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The equivalent quantities can be related to the uniaxial nominal load-notch plastic strain 





The uniaxial nominal load-notch plastic strain curve may be determined by an elastic-plastic 
finite element analysis, strain measurement, or a uniaxial approximation formula such as 
Neuber's rule (1961) or Glinka's formula (1985), with an appropriate correction for transverse 
strain such as that suggested by Dowling (1979). If no notch is present, then F0 = G0 = H0 = 3L0 
= 3M0 = 3N0 , and equations (5)-(11) reduce to the Prandtl-Reuss equations with a von Mises 
yield criterion, with the equivalent stress-strain curve based on the isotropic material's uniaxial 
stress-strain response. 
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The term d'A is determined for a state of nominally applied load, Sij, from equation (9) using S 
from equation (6) and def from the equivalent nominal load-notch plastic strain curve as 
indicated in Figure 2. The equivalent behavior is determined, in turn, from equations (10) and 
(11) and the uniaxial behavior of the notch. 
Initial Nominal Yield Strengths 
Since the coefficients of anisotropy have been assumed to remain in the same proportion, only 
the initial nominal yield strengths need to be determined. For each nominal loading direction, a 
nominal yield strength will be defined as a load that causes the elastic notch stresses to satisfy a 
yield criterion consistent with the choice of the anisotropic yield criterion--in this case, the von 
Mises yield criterion. These initial structural yield strengths will be given in terms of the base 
material strength and stress concentration factors. 
The von Mises yield criterion is 
(12) 
where cr0 is the base material yield strength. For nominal loads in the applied loading directions, 
the initial axial nominal yield strength, Z0 , and the initial torsional nominal yield strength, S0 , can 




0 ✓K2-KK I +K2' z z z z 
(13) 
(14) 
For mild notches, the nominal yield strengths in the other directions will be taken as the same as 
the base material strength in tension (cr0 ) or shear ( ~). Note that as the primary stress 
concentration factors become unity and the transverse stress concentration factors become zero, 
the material's initial yield strengths are recovered. 
Proportional Loading 
A set of equations relating proportionally applied nominal loads to notch plastic strains can now 
be determined without further assumptions. These equations can be developed in the same 
manner as presented in Mendelson (1983) for the determination of the Hencky equations. If 
Sij =Ks:;, where s:; is an arbitrary reference state of nonzero stress, and K is a monotonically 
F 
increasing function of time, then h = Kh0 , and F, ... = 72, ... , and it can be seen that the explicit 
K h0 
dependence on the stress state drops out of the stress-plastic strain increment relations. The 
equations can be integrated, and from this it can be concluded that the plastic strains are a 
function of only the current state of stress and not of the loading path for this proportional 
loading. Specialized for a traction free surface of a notched bar subjected to nominal tension and 
torsion, and stated in terms of the hardening parameter h, and the initial coefficients of 
anisotropy, the equations are 
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(15) 
where A = S ff. The total strains can be determined by summing the elastic strains and the plastic 
strains. 
From equations (15) it can be seen that if the load increases proportionally, the ratios of the 
plastic strains remain in the same proportion. This result follows directly from the assumption of 
the hardening behavior and the restriction to proportional loading and is similar to Hoffmann and 
Seeger' s ( 1985) assumption of a constant ratio of total strains. If the elastic strains are much 
smaller than the plastic strains, this result will hold true for total strains as well. 
Nonproportional Loading 
With the establishment of a yield criterion and flow rule, only one of the three essential 
components of incremental plasticity needs to be determined--the hardening rule. Every step so 
far has been made with the condition that the entire process must reduce to the theory of 
plasticity for isotropic materials when the notch is no longer present. The determination of the 
hardening rule will be no exception. The Mroz hardening rule for nonproportional loading 
(Mroz, 1967) has met with some acceptance in determining the anisotropic work-hardening 
behavior of metals that experience nonproportional hardening (Lamba, 1978), and will be used 
here. A schematic of the hardening rule in nominal stress space is shown in Figure 3. 
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The Mroz hardening rule postulates the existence of a field of constant work-hardening moduli in 
stress space. For the model used here, anisotropy of deformation is modelled by the movement 
of geometrically similar and initially concentric surfaces in stress space. The initial surface in 
the stress space is the initial yield surface, and further surf aces are activated at higher values of 
equivalent stress. The surfaces move in such a manner that the currently active surface translates 
in stress space along a path parallel to a line joining the active surface normal at the stress point 
and a point located on the next surface with the same normal, as illustrated in Figure 3. 
A multiple discrete yield surface model is chosen in the current analysis, with enough surfaces to 
simulate a sufficiently smooth response for the loading paths. This model assumes that the 
relative degree of anisotropy will remain the same for the initial configuration of the surfaces in 
stress space, and hence will allow the incremental model to yield the same results as the closed 
form equations for monotonically increasing proportional loading. For nonproportional loading 
paths, the stabilized response of the model can be used to estimate anisotropic work-hardening 
behavior of the notched material. 
RESULTS AND DISCUSSION 
Comparison to Finite Element Analysis 
Fash (1985) determined multiaxial notch strains using an elastic-plastic finite element analysis of 
the proportionally loaded notched steel bar used in the SAE multiaxial test program (Fash, 1985 
and Downing and Galliart, 1985). The total strains were reported for the notch root subjected to 
monotonically applied nominal loading. These data are used here to compare to the equations 
developed for proportional loading. 
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The elastic stress concentration factors were determined from Fash' s simple bending and simple 
torsion elastic analyses and agree with those reported in handbooks of stress concentration 
factors. The uniaxial nominal load-notch total strain curve was determined from an exponential 
law fit of the reported strain data for elastic and elastic-plastic pure bending of the shaft. 
Because the variation of elastic and plastic components of strain with pure bending was not 
KS 
reported, it was taken to be E~ = ~ - ~ ', where the total strain was determined from the curve 
fit, and Kz was taken to·be constant. The elastic modulus and Poisson's ratio were taken from 
Fash's material data. 
Figures 4a-4h show the comparison of calculations using the equations developed for 
proportional loading to Fash's finite element results. The various non-zero strains are plotted 
against von Mises equivalent nominal stress for pure bending, pure torsion, and several different 
ratios of combined proportional torsion and bending. The strains are presented with respect to 
the coordinate system shown in Figure 1; that is, the z-direction is along the axis of the shaft, the 
x-direction is in the transverse direction, and they-direction is in the direction normal to the 
surf ace of the notch. 
In all of the cases, the calculated strains agree well with the finite element results of Fash. Note 
that the fit for Ezz in Figure 4a for pure bending is expected since this data was used to determine 
the equivalent nominal load-notch strain curve. No other data from Figure 4a was used to adjust 
the constants in the model. 
Comparison to Experiment 
To examine the validity of the model for nonproportional loading, experiments were conducted 
on a circumferentially notched, solid shaft of 1070 steel. The goemetry of the shaft is given in 
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Figure 5, and a strain gage rosette was attached to the root of the notch for strain measurements. 
The material properties of the 1070 steel were determined by a researcher conducting smooth 
specimen tests on the same material (Jiang and Sehitoglu, 1992), and are listed in Table 1. The 
elastic stress concentration factors of the notch (Kz, Kz', and Kxz), were determined using 
equation (1) and strains obtained from measurements when the shaft was still in the elastic range. 
The values of the elastic stress concentration factors are given in Figure 5. 
A combined tension-torsion load was applied to the shaft. A nonproportional, box-shaped 
loading path in tension-torsion nominal stress space, shown in Figure 6, was selected. With this 
loading path, the nominal loading changes direction abruptly at each of the four corners, which a 
yield surf ace model predicts to be a region of elastic unloading, followed by elastic-plastic 
loading to the next corner. Thus, the box-shaped path provides a critical test of the yield surface 
model to capture the behavior of notch root strains under nonproportional loading. Several 
nominal stress amplitudes were studied, starting from Sz = ±100 MPa and Sxz = ±62.5 MPa to 
Sz = ±296 MPa and Sxz = ±193 MPa. 
At each stress amplitude, the model was used to calculate the strain response for the notch root. 
To determine the constant dA in the plasticity model, Glinka' s formula ( 1985) was used to 
estimate the uniaxial nominal load-notch strain behavoir. The measured notch strains and the 
results of the calculations are presented in Figures 7a-7g, which are plots of axial strain range to 
engineering shear strain range. In the figures, the solid lines represent the measurements from 
the strain gages, and the dashed lines are the calculations of the model. 
An interesting phenomenon of the notch root strain response was observed at high load levels 
when substantial plastic deformation had taken place. The strain path not only expanded with 
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increasing level of load, but also tilted with respect to the strain axes. The rotating direction 
follows the direction of the applied loads, and can be attributed to the plastic deformation of the 
material at the notch root. 
The close agreement between the calculated and measured notch strain response for the low 
loading levels is expected since the shaft was primarily in the elastic range. Note the tilt of the 
calculated notch strain response with respect to the axes as load increases, which is similar to the 
measured response. The severity of the calculated tilt and strain values will depend on the 
compliance of the equivalent nominal stress-notch plastic strain curve. With Glinka' s formula as 
the basis of this curve, the calculated response is generally in good agreement with the strain 
gage measurements. in regard to strain amplitude and angle of tilt. 
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SUMMARY 
Using anisotropic plasticity theory, a model is developed to relate nominal loading to notch root 
plastic strains. Elastic notch root strains are related to nominal loading through the use of stress 
concentration factors, and material work-hardening behavior is accounted for by using the Mroz 
hardening rule in nominal stress space using an anisotropic yield criterion. 
The model has been applied to circumferentially notched bars subjected to proportional and 
nonproportional nominal loading. Calculations of the notch root strain response agree will with 
the finite element calculations for proportional nominal bending and torsion, and with 
experimental strain measurements for nonproportional, box-shaped tension and torsion loading 
paths. In particular, an experimentally observed tilting of elastic-plastic strain paths under 
box-shaped nominal tension and torsion is well captured by the model. Possible applications for 
the method include using the calculated notch strains to estimate the fatigue life of notched 
components from nominal loading. 
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Figure 1: Notch Stresses for Notched Bar in the Elastic Range 
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s 
Figure 2: Equivalent Nominal Stress-Notch Plastic Strain Curve 
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• FE Results 
Proportional Eqns 
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Figure 4a: Notch root strains for pure bending calculated by the finite element method and 
equations developed for proportional loading. 
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Figure 4b: Notch root strain for pure torsion calculated by the finite element method and 
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Figure 4c: Notch root strains for proportional torsion and bending (T/B = 0.6) calculated 
by the finite element method and equations developed for proportional loading. 
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Figure 4d: Notch root strains for proportional torsion and bending (T/B = 0.8) calculated 
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Figure 4e: Notch root strains for proportional torsion and bending (T/B = 1.4) calculated 
by the finite element method and equations developed for proportional loading. The 
dashed portions of the calculated results indicate results based on an extrapolation of the 
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Figure 4f: Notch root strains for proportional torsion and bending (T/B = 2.2) calculated 











• FE Results 
Proportional Eqns 
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Figure 4g: Notch root strains for proportional torsion and bending (T/B = 2.3) calculated 
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Figure 4h: Notch root strains for proportional torsion and bending (T/B = 3.2) calculated 
by the finite element method and equations developed for proportional loading. 
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D = 50.8 mm d = 25.4 mm 
R = 12.7 mm 
- - -------- 254 mm 
Measured Stress Concentration Factors 
Axial Kr = 1.45 
Transverse K 'r = 0.30 
Torsion Kr = 1.17 
Figure 5: Specimen Geometry 
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Figure 6: Nonproportional box-shaped loading path for notched shaft under tension and 
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Figure 7a: Measured and calculated notch root axial strain range vs. shear strain range for 
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Figure 7b: Measured and calculated notch root axial strain range vs. shear strain range 
for box-shaped loading path (Sz=139 MPa, Sxz=87.5 MPa). 
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Figure 7c: Measured and calculated notch root axial strain range vs. shear strain range for 
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Figure 7d: Measured and calculated notch root axial strain range vs. shear strain range 
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Figure 7e: Measured and calculated notch root axial strain range vs. shear strain range for 
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Figure 7f: Measured and calculated notch root axial strain range vs. shear strain range for 
box-shaped loading path (Sz=258 MPa, Sxz=168 MPa). 
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Figure 7g: Measured and calculated notch root axial strain range vs. shear strain range for 
box-shaped loading path (S2=296 MPa, Sxz=193 MPa). 
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Elastic Modulus, E 
Poisson's ratio, v 
210 GPa 
0.3 
Cyclic Strength Coefficient, k' 1736 MPa 
Cyclic Hardening Exponent, n' 0.199 
Static Yield Strength 449 MPa 
Table 1: 1070 Steel Material Properties 
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